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Absolute Continuity of Vitali-Hahn—Saks Measure
Convergence Theorems
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In this paper, we prove the following improved Vitali-Hahn—Saks measure convergence
theorem: Let (L, 0, 1) be a Boolean algebra with the sequential completeness property,
(G, ) be an Abelian topological group, v be a nonnegative finitely additive measure
defined on L, {u, : n € N} be a sequence of finitely additive s-bounded G-valued
measures defined on L, too. If foreach a € L, {i,(a)},eN is a T-convergent sequence,
for each n € N, when {v(ay)}eea convergent to 0, {11, (aq)}weca is T-convergent, then
when {v(aq)}qen convergentto 0, {1, (aq)}aea are T-convergent uniformly with respect
ton € N.
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Let (L, 0, 1) be a Boolean algebra, (G, t) be an Abelian topological group,
a mapping i : L — G is said to be a finitely additive measure if a, b € L with
a Ab =0, then u(a Vv b) = u(a) + w(b). The measure u is said to be s-bounded
if for each disjoint sequence {a,} of (L, 0, 1), {u(a,)} is T-convergent to 0. Let
{m, : n € N} be a sequence of finitely additive s-bounded measures, if for each
disjoint sequence {a;} of (L, 0, 1), {i,(ar)} are T-convergent to 0 uniformly with
respectto n € N, then {u,, : n € N} is said to be uniformly s-bounded.

Brooks and Jewett (1970) proved the following famous Vitali-Hahn—Saks
measure convergence theorem:

Theorem 1. Let A be a o-algebra, (X, ||.|]) be a Banach space, v be a nonneg-
ative finitely additive measure defined on A, {j1,, : n € N} be a sequence of finitely
additive s-bounded X-valued measures defined on A, too. If for each A € A,
{n(A)}nen is a ||.||-convergent sequence, for each n € N, limyay—0 (t,(A) = 0,
then lim,4)—.0 o (A) = 0 uniformly with respect ton € N.

! Department of Mathematics, Zhejiang University, Hangzhou, People’s Republic of China.

2 City College, Zhejiang University, Hangzhou, People’s Republic of China.

3 Department of Applied Mathematics, Kumoh National Institute of Technology, Kyungbuk, Korea.

4To whom correspondence should be addressed at Department of Mathematics, Zhejiang University,
Hangzhou 310027, People’s Republic of China; e-mail: wjd@math.zju.edu.cn.

1433

0020-7748/04/0600-1433/0 © 2004 Springer Science+Business Media, Inc.



1434 Junde, Su, and Minhyung

That is, if for each n € N, u,, is absolutely continuous with respect to v, then
{tn}nen are absolutely continuous with respect to v uniformly for n € N.

Vitali-Hahn—Saks theorem has a series of important applications in measure
theory and quantum logics (De Simone, 2000).

Now, we are interested in the following problem: If for each n € N, when
{v(Ay)}aen convergent to 0, {i,(ay)}weca 1S ||.]|-convergent to e,, then when
{v(ay)}aeca convergentto 0, { i, (ay)}een Whether are T-convergent to e, uniformly
with respect to n € N? That is, whether we can improve the absolute continuity of
Vitali-Hahn—Saks theorem?

In this paper, by considering L x L and using the proof methods of Brooks—
Jewett (Brooks and Jewett, 1970), we show that the answer is true.

Our main result is

Theorem 1. Let (L, 0, 1) be a Boolean algebra with the sequential complete-
ness property, (G, t) be an Abelian topological group, v be a nonnegative finitely
additive measure defined on L, {i, : n € N} be a sequence of finitely additive
s-bounded G-valued measures defined on L, too. If for each a € L, {it,(a)} e
is a t-convergent sequence, for each n € N, when {v(aq)}aca convergent to 0,
{n(ay) aen is tT-convergent to e,, then when {v(ay)}qen convergent to 0,
{tn(ay)}aca are T-convergent to e, uniformly with respect to n € N.

Proof: If the conclusion is not true, there exists ¢ > 0 and sequences {n;}, {5},
{ax} and {b;}, and a T-continuous group quasi-norm P such that P (i, (1) —
Moo (Brs1)) > €, V(@rt1) < Sgp1, V(bgy1) < kg1, and v(a@) < Sgy1, V(D) < Spp1
implies that P (i, (a) — n, (b)) < 55 for i < k. Without loss of generality, we
may assume that n; = i. So

P(uip1(aksr) — pir1(begr)) > &, ey
£
P(uj(a) — ;b)) < TS J <k, a<ai, b <bp. ()

Consider L x L ={(c,d):ce L,d € L}.Letcy = ay,d; = by and i1 = 2.
If there exists an i > 2 such that P(u;,(c1 A a;,) — i, (di A byy)) > 7, then let
(c2,dr) = (c1 A alfz, di A b;z).If(cl, dy), ..., (ck,dy)andiy, ..., i; have been cho-
sen and that there exists an iy > iy such that P(u;,,, (cx A ajp,,) — Wi, (di A

b)) > %.thenlet (ciy1, diy1) = (cx A a;k“, dy A blfw). Thus, we have
/ !
Chrl = Cky dry1 S diy RN Cryy = Ck Ny, Ak Ndy = di A, (3)

It follows from (2) and (3) that

£
P (i, (ck A Cryy) = Wi (die A diy ) > 7 “

, &
P(/.L,'k(Ck/\Ck+1)—/1,ik(dk/\d]£+1))< W (5)
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Now, we show that there exists a (cy,, di,) € L x L and an iy, such that for
all j > iy, P(uj(ci, Naj) — wj(diy Abj)) < 3.

In fact, if not, we can obtain disjoint sequence {c; A ¢} and disjoint se-
quence {d; A d,iH} in L which satisfy (4) and (5) for all k € N. Thus, we have

P((/“"i/‘Jr] - Mik)(ck A C]/(J,-l) - (Mik+1 /“Ll‘)(dk N dk+])) > S k - 1 2
This contradicts the Theorem 1 of Junde and Zhihao (2003). Hence, there
exists a (cx,, dy,) € L x L and an iy, such that for all j > iy, P(u;(ci, Aa;) —
wildy A b)) < 3.

Let  pi =ik, (11, 81) = (Ckyo diy)s 145 = fpyis (@), b)) = (@p, 40 A,
bp+i A &)). It follows from (1), (2), and (5) easily that

&

P
P(ui(hy) — pni(g) < 75 = 16

mmmo—m@m>e—§
So

HWrﬁW@O-WrﬁW@m>8—Z—%,
m, 1 (1) (1 _ ¢
P(“i (g; ) (b )) 4

P(u'P@) — u b)) < a<a’ b<b" j<i.

21+3 ’

Let (c(l) d(])) (a; M bm) Similarly, we can obtain a (c]({i), d,(ql)) and an i,

such that for all j > iy, P(,u(l)(c(l) (1)) 31)(d(1) A b(l))) < %

1 1 2 1 2 2 1
me—mﬂmM—G)%U() gxf%w=m;m%,

b)) Agh. Then hy Ahy=0, g1 Ag =0, and P(u(hz) — ta(g2)) <

P(u{"(h2) = u{(g2)) > & — & — £. So,

£
32

(w“—ummwwm”w@@m>e—§—§—ﬁ,

P(M,@)( (2)) (2)(b(2))) >g— 2 —

l

s a=d p b <

P(uP(@ - uf () <

Inductively, we can obtam disjoint sequence {4} and disjoint sequence {gr}

of L, and a sequence of {ul )} such that P((,u(k’”) (k))(hk+2) (1 Uetl) _
/L(lk))(gk+2))> =5 —§ = — s — 135 > 7¢ forallk € N.

This contradicts Theorem 1 of Junde and Zhihao (2003) again, so the theorem

is proved. U
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